I nt r o d uctio n
In many industrial and military applications , vehicles are required to move in formation. For example , it is well known that aircraft flying in close formation significantly reduces fuel cost . In military operations , a team of fighters or a platoon of tanks is required to move in formation.
Spacecraft formation is studied by many authors for multi-satellite missions involving interferometric radar or optical systems for earth or deep space imaging.
In this paper , a general method of controller design is developed for the purpose of formation control of multiple nonlinear systems , including systems of ground vehicles , aircraft , and robotic arms. The model consists of multiple nonlinear subsystems. With the design method , controllers can be found to keep multiple subsystems in a required formation , and to coordinate the subsystems in the presence of environmental change . Different from existing research on formation control based on specific vehicle models and mission requirements , we introduce a general method of formation control architecture called perceptive frame . The control method is applicable to various types of mechanical systems. Different from ad hoc design approaches , a variety of different coordination strategies can be implemented rigorously under the perceptive frame . For instance , leader-follower strategy , simultaneous movement strategy , series connection of multiple formations , and humanmachine interaction , all these can be easily implemented in the same perceptive frame . Furthermore , the changing between the coordination strategies requires only minor adjustment in the controller. As a result , the controller is capable of properly reacting to environmental changes based on a given coordination strategy , which is determined by the mission requirement . Furthermore , control reconfigura2 tion is easy in the perceptive frame when the formation is changed. For instance , with simple reconfiguration , vehicles can be added to or removed from the formation.
Coordinated controller design in a perceptive frame was first used for multiple robotics [ 1 4 ] . A brief theoretical development of the method was introduced in [ 5 ] . The control method developed in this paper is fundamentally different from the existing centralized or decentralized controllers. In a perceptive frame , the feedback for each individual vehicle is designed separately using existing feedback design algorithms such as pole placement ,LQ R or through a set of action references , which automatically and continuously coordinates the multiple individual controllers to follow a given coordination strategy. The advantage of separately design the feedback for each vehicle is that the feedbacks are not affected when vehicles are added to or removed from the formation. The individual controllers are usually time-dependent because the vehicle is trying to track a desired trajectory. To achieve the coordination between the vehicles in a formation , the time variable is substituted by an action reference through a reference projection. The action reference is directly related to the task of the mission. Since all local controllers share the same value of the action reference , the coordination among the vehicles can be achieved by suitably defining the action reference .
Several useful coordination strategies in the presence of unexpected events is introduced and experimentally tested , which are shown in Section 4. While the theory in this paper is developed as a general result , mobile robots and robot manipulators are used as illustrative examples in the simulations and experiments.
In Section 2 , the design method is summarized in a simple four-step algorithm. In Section 3 , sufficient conditions for the stability of formation tracking is derived.
In Section 4 , several coordination strategies are studied for multiple ground vehicles. Experimental results are shown to demonstrate some of the typical coordination strategies such as movement with a leader ,simultaneous movement , and a series connection of formations. Furthermore , the formation of robots mixed ! with human being is also tested in experiments. They prove that the perceptive frame is applicable to the coordination of human-machine interaction.
2 For m a tio n t r ac ki ng a n d its co nt r ol 211 For m a ti on m odel a n d its acti on r ef e r e nc e
The model of a complex system with multiple subsystems (vehicles) is defined by the following equations :
where k is the total number of subsystems. 
ij ( s ( t) ) e j ( s ( t) )
for all t > 0. It is also desired that the formation process is asymptotically stable , i . e . , if the initial condition is not in the desired formation , the system will asymptotically approach the desired formation along the desired path y d .
The concept of action reference is a key parameter determined by the task of a control problem. In the formation control problem , a convenient choice for action reference is s ,the parameter used for the desired path (2. 4) where 
The control law is defined by
The closed-loop system with non-time based feedback is
In path tracking control , it is preferred that the feedback is time invariant [ 6 8 Because of (2. 4) , the trajectory x i ( t) of a subsystem
However , the substitution t = T ( x) may change the stability of the system in some cases as shown in the following example . In this section , sufficient conditions are given to guarantee the asymptotic stability of the tracking error under non-time based feedback.
Exa mp l e
This example focuses on the stability of non-time based feedback. Formation is not an issue in the example .
Therefore ,a single system is considered. Two feedbacks are given in this example for the same tracking problem. O ne feedback results in a stable non-time based controller , and the other one results in an unstable controller. The control system is linear ,
It is a controllable system. The desired path is the line
Suppose that the velocity on the desired path is 1 ,so s = t . A time dependent feedback is
It is easy to check that the error
It is asymptotically stable . The simplest reference projection for the desired path is the orthogonal projection ( x) = x 1 . Therefore , the virtual time is T = x 1 . The control system under non-time based control is
The second equation x 2 = x 2 + 1 is unstable . So ,the system does not approach the desired path under the non-time based controller , although the non-time based feedback is converted from an exponentially stable feedback (3. 2) .
O n the other hand ,if the time-variant feedback is
It is easy to check whether the time dependent feedback drives the system to approach x d ( t) . Furthermore , the non-time based feedback is
The system under the non-time based feedback is
.
The second equation guarantees that lim x 2 ( t) = -1. So , the non-time based control drives the system to asymptotically approach x d .
The example implies that not all the stable feedback u ( x , t) can be converted into stable non-time based controllers. O n the other hand , our simulations on a variety of vehicles [ 5 ,9 ] and our experiments on robot arms [ 2 ] show that feedback designed by pole placement and LQ R for all these applications result in stable systems after the substitution t = T ( x) . In the following , we derive the conditions under which the non-time based feedback is guaranteed to be stable .
2 Er r or dyna mics a n d s t a bilit y
Two error dynamics are derived in this section. The first error equation is under the time-variant feedback u i ( x , t) .
The error of the system
It satisfies
The desired trajectory x d i ( t) is a function of time t .
The error equation is a time-variant system. Define
Under the non-time based feedback u i ( x i , T i ( x) ) , the error is defined by
The controller is driven by the perceptive time . The error equation is changed due to the derivative of
From (3. 4) and the equation
we have
System (3. 8) is included as part of the error dynamics.
System (3. 7) is not a complete system because T i ( x) and
T i depend on (3. 8) , which is the vehicle dynamics under non-time based feedback.
The two errors e i and e i defined by (3. 3) and (3. 6) follows different dynamics. The stability of e i does not automatically imply the stability of e i . If we treat T i as an output of (3. 8) , then its performance is critical for the stability of (3. 7) . In this paper , a neighborhood of
is the set of all x such that the distance from the point x to the curve x d is less than . In this paper , we assume Ass u mp ti on A 1
The vector fields and functions 
6) . The Lyapunov function for e i is V i ( e i , T ( x) ) . Since T i ( x)
may involve states from other subsystems , we need a single Lyapunov function for the entire system. Define
where e = [ e 1 e 2 e k ] T . The derivative of V ( e , T) in the direction of (3. 7) and (3. 8) is
From A1 ,we know that E( e , t) is bounded in e < .
So , the equations in (3. 9) 
is bounded in e . V ( e , T) ) < kMe
The integration of the inequality over the time interval
It is equivalent to Fig. 9 shows that the system is stable when the tracking error caused by unexpected stop is almost twice the desired distance between the two vehicles.
Fe e d bac k desi gn
Given a time-variant tracking feedback u ( x , t) and a reference projection , one needs to check the performance of the following system with the dummy output z = T ( x) -1 :
If the dummy output z exponentially converges to zero , the non-time based control drives the vehicle to approach the desired path. In this section , a design method is introduced to T i ( x) that has a relative degree . An advantage of the design is that the feedback guarantees the exponential stability of z .
However , we would like to point out that this is only a special design for linearizable systems. But the perceptive frame is not limited to such feedbacks. Other differently designed feedbacks can also be applied to perceptive frame , as shown in the experimental results in the next Section 4.
We use the first vehicle to explain the idea , the feedback design for other vehicles in the formation is similar. In the following , we assume that the desired path y d1 ( s) for the first vehicle satisfies
Or equivalently , the first desired output y d1 ,1 serves as the action reference . This is true of many applications as shown in the next section. A natural reference projection is (3. 17) where y 1 ,1 is the first output of the original system (2. 1) .
We assume that f 1 ( x 1 , u 1 ) is affine ,i . e .
We also assume that in a neighborhood of the desired path , the reference projection ( x) = y 1 ,1 has a relative degree ,
where
) is the Lie operator defined by
The following design method follows the idea of feedback linearization (see ,for instance , [ 10 ] ) .
If the desired speed on the desired path is defined by s = v ( t) , then the virtual time is
T 1 = v -1 ( 1 ( x 1 ) ) = v -1 ( y 1 ,
) . The feedback is defined based on the virtual time T ( x) .
It is easy to check that T 1 ( x) also has a relative degree .
0. (3. 19)
The feedback for u 1 ,1 has the form
(3. 20) 
Therefore , the tracking of y 1 is guaranteed. Applying 3. 20) to the original system , we have 
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A n e xa mp l e of w e dge f or m a ti on
In the following , an example of tracking in the wedge formation is given to illustrate the design method developed in Section 2. 2. The problem is to drive three nonholonomic cars to form a wedge , and to follow a sine curve in the xy-plane .
For m a ti on
In the moving frame F , the wedge formation is defined by the three points : P 1 is the origin of 
Pa t h of t he f or m a ti on
The path is given by the parametric equations (3. 25)
The orientation of the moving frame F at any point on the curve satisfies the condition that e 1 points to the direction of motion of the desired path ( x d , y d ) . Therefore , The feedback of subsystems : The lower level control feedbacks are adopted from [ 2 ] . It is used in this paper without proof . For the ith vehicle , its control model is defined by (3. 28) where u i corresponds to the forward velocity of the rear wheels of the car and v i corresponds to the velocity of the steering wheel , the angle of the car body with respect to the horizontal is i , the steering angle with respect to the car body is < i , ( x i , y i ) is the location of the rear wheels , l is the length between the front and the rear wheels (see Fig. 3 ) . Given the desired path (
The functions 2 ( x i , y i , i , < i , t) and 2 ( x i , y i , i , < i , t) are defined by
The feedback of v i is
where It obviously satisfies the projection condition (2. 4) . This choice of implies that the first car leads the formation.
The other two cars will stop if the leading car stops.
Unexpected change to any car other than the leader does not affect the rest of the formation.
The feedback (3. 29) (3. 31) is time dependent . The desired path is defined by (3. 27) with s = v ( t) = t .
Then , the virtual time is
Therefore , x d1 ( T) = x 1 . The final lower level feedbacks are obtained by substituting t = v -1 ( ) into (3. 29) (3. 26) ,i . e .
Using the feedback (3. 29) ,it is easy to check that respectively. In Fig. 4 ,the three curves are the paths of the three vehicles. The formations at t = 3 / 4 , t = 3 / 2 and t = 2 are shown in the plot . Fig. 5 shows the total error between the path of the formation and the desired path.
The total error is defined by Re m a r k Open curves are used as desired curves in the examples in this paper. For closed curves such as circles , polar coordinates are preferred. In this case , the polar angle is often used as a reference . A reference projection is a mapping from the states of the vehicles to the polar angle .
Examples of tracking closed curves using perceptive frame can be found in [ 11 ] .
4 Coor di na tio n usi ng actio n r ef e r e nce a n d r ef e r e nce p r ojectio n Some experiments are carried out using three mobile robots at Shenyang Institute of Automation , as shown in Fig. 6 . In the experiment , the motion is nonholonomic . 
M ove m e nt wit h a l e a de r
In this experiment , we test a wedge formation of three vehicles , the same formation as in Section 2. 3. The parameters in the formation are d 1 = 1000 mm , and d 2 = 600 mm. The desired path of the leader , R 1 , and the moving frame are defined by
T ,
The desired trajectories for R 2 and R 3 are
The desired velocity of R 1 is defined by a constant speed V = 100 mm/ s. Therefore ,
Then , the desired velocity and acceleration for the mobile robots can be derived. For the reason of space , the detail is omitted. Since the vehicle is holonomic , the control of x and y follows a simple linear control law
Each individual control depends on the action reference s .
We define the reference projection by s = x In another experiment , we test the coordination feature of the controller by blocking R 1 and observing the reaction of R 2 and R 3 . At about t = 28. 7 s , R 1 was stopped. It can be observed in Fig. 8 ( b) . The error does not change after t = 28. 7 s. Since the reference projection is s = x 1 , the desired positions of R 2 and R 3 are computed based on x 1 .
Therefore , R 2 and R 3 will finally stop if R 1 is stopped. This is shown in the experiment ( Figs. 8 (c) , 8 ( d) ) . Another interesting point is that the controller is able to automatically recover the desired formation. In Fig. 8 ( b) , R 1 starts to move at t = 63. 3 s after the stop .
From Fig. 8 ,the other two vehicles recover the desired path 1 1 W. KANG et al . / Journal of Control Theory and Applications 1 (2005) 1 -19 automatically. This is because the coordination is achieved through the reference projection. If x 1 recovers the normal performance , the other vehicles will automatically recover the normal performance . In the entire process , the controller re-design or time reset is not involved. The coordination and control are completely autonomous. In this experiment , we use the same wedge formation as in Section 4. 1 except that the desired path is the x-axis in the fixed frame . To implement the simultaneous movement strategy , we use the reference projection
The initial locations of the robots are ( -1200 ,0) , ( -1200 ,1200) and ( -1200 , -1200) for R 1 , R 2 , and R 3 respectively. The initial formation is not a wedge . In the experiment , the controller quickly corrected the initial error to form the wedge formation. Then , the formation moved along the x-axis at a speed of 100 mm/ s. Fig. 9 . In Fig. 9 (a) ,the formations are plotted at t = 30 ,70 and 100s. It shows that the formation is maintained well even when the vehicles stop unexpectedly.
In Figs. 9 ( b) and 9 (c) ,the curve represents the differences 413 S e ri es c on necti on of f or m a ti ons
In this experiment , the formation is a simple line . Three vehicles are aligned on the x-axis. R 2 follows R 1 by a distance of 1200 mm. R 3 follows R 2 by the same distance .
In the coordination , the reference of R 1 , R 2 and R 3 are defined by
In this set of reference projections , R 2 follows R 1 and R 3 follows R 2 . Therefore ,if R 2 slows down ,it only affects the performance of R 3 . However , if R 1 slows down , both R 2 and R 3 will slow down. The result of experiment is shown in Fig. 10 . In Figs. 10 (a) and 10 ( b) , the curves represent
In a perfect situation , these values should be 1200 mm. In the experiment , we stop R 2 in the interval [ 10. 8 ,20. 1 ] . Fig. 10 (a) shows that the distance between R 1 and R 2 increases with constant speed. This is because that R 1 is not affected by R 2 . During the same period of time , the distance between R 2 and R 3 is stabilized at about 1175 mm (see Fig. 10 ( b) ) . This is because that R 3 is the follower of R 2 . Since R 2 is stopped , R 3 is stopped too. At t = 20. 1 s , R 2 recovers its normal performance . It catches up with R 1 automatically ( Fig. 10 (a) ) . R 3 also catches up with R 1 . The desired formation is recovered. stabilized. This is a common problem in series connection of formations. It is because not enough information is used by the reference projection. Reducing the overshoot can be done by using more information from the vehicles in front , such as velocity or even acceleration. This is similar to the experience of driving on freeway. We plan to develop more sophisticated reference projections to eliminate the overshoot . These references appear in the controllers of the individual vehicles. In Fig. 11 
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Obj ect ha n dli ng by h u m a n a n d m obil e m a nip ul a t ors
In this experiment , we tested the scenario shown in Figs Furthermore , due to the decentralized control architecture , the on-line computation can be easily carried out in a distributed computational environment . The third advantage is that the feedbacks of subsystems can be designed using almost any trajectory tracking technique in the literature .
Designers can take the full advantage of the existing CAD control toolboxes for industrial and academic purposes.
Ground vehicles and robot arms are used as illustrative examples in this paper. More applications using the algorithm developed in this paper will be a focus of our further research. For example , aircraft flying in formation , formation keeping of multiple spacecraft , and system reconfiguration in these applications , are all interesting subjects for future research.
